To investigate the solidification after a single-phase dendritic solidification of a ternary alloy or to develop the process for making in-situ composite of a ternary alloy, a micro-segregation model along the monovariant line has been introduced. The solidification mode accompanied with this micro-segregation model is assumed as cellular or dendritic eutectic solidification. This model assumes a partial diffusion in the solid; the diffusion of the first solute element in the first solid phase works completely or finitely but no other diffusions work in either solid. This is also a model of the solidification of an iron-carbon-metallic ternary alloy. Two kinds of formulations are made; the first is the general formulation between the solid compositions or the liquid compositions and the volume fractions of the two solids and the second is with a simplified phase diagram. Comparison of the results between Scheil-type solidification, complete diffusion of the first solute in the first phase and finite diffusion of the first solute in the first phase has been made for three cases of simplified phase diagrams. The affect of the solutal transition in the phase diagram has been demonstrated and the affect of diffusivities in the solid on the micro-segregation along the monovariant line has been illustrated.
Introduction
When a liquid solidifies with a single-phase dendritic solidification mode, the residual liquid composition within the inter-dendritic valley sometimes reaches a eutectic line. After this the liquid solidifies along the monovariant line. 1) Along the monovariant line E 1 E as shown in Fig. 1 , the liquid solidifies producing a mixture of two solid phase (-phase and -phase); it lowers its liquidus temperature advancing the three-phase eutectic point E.
The micro-segregation problem is trivial when the solidification proceeds along the monovariant line in the case of equilibrium solidification. It is also clear that the composition of the liquid reaches the three-phase eutectic point in the case of Scheil-type solidification (no diffusion in the solid). But, in this case, prediction of the volume fraction of the three-phase eutectic is important.
In cases other than equilibrium or Scheil-type, the prediction of the final composition of the solidification is meaningful. Especially, we are interested in the case where the diffusion of the first solute in the -phase is complete or finite while the diffusion of the second solute in the -phase does not work, and the diffusion in the -phase is negligible, such as Fe-C-X (carbon is the first solute and X is a second metallic solute) system, which has phase as austenite or ferrite and as an intermetallic compound.
Chen et al. 2) analyzed the micro-segregation of an Al-LiCu system along the monovariant line and proposed the general formulation for the Scheil-type solidification. But, they did not consider the affect of the diffusion in the solids.
In looking at this micro-segregation problem from another point of view, a complement of the growth theory of a cellular or dendritic eutectic [3] [4] [5] can be made. For an industrial purpose, we want to not only produce an in-situ composite with high performance but also to control the solidification process to the final stage, that is, to the intergranular solidification. Growth theories usually aim to predict the first crystallized phase from the liquid. On the contrary, the micro-segregation model treats the change of the composition of the residual liquid. These two kinds of theories could be coupled.
In this work, some assumptions based on a simplified phase diagram will be introduced to illustrate the affect of the diffusion in the solid. Formulations are made for 1) equilibrium solidification, 2) Scheil-type solidification, 3) complete diffusion of the first solute (B element) and no diffusion of the second solute (C element) in the -phase and no diffusion in the -phase, 4) finite diffusion of B element in 
and other conditions same as 3). Not only the affect of the diffusion in the solid but also the affect of the solutal transition in the phase diagram are considered. Finally, the relationship of the prediction of the micro-segregation to the growth theory of the cellular or dendritic eutectic will be discussed.
Simplification of Phase Diagram
To illustrate the affect of the diffusion in the solid, it is convenient to define a simplified phase diagram of a ternary alloy. Figure 2 shows the assumptions of the phase diagram. In this phase diagram, it is assumed that the liquidus line and the solidus lines are approximated as straight lines. The liquidus starts at E 1 ðE 1;B ; E 1;C Þ and ends at EðE B ; E C Þ. The solidus line of the phase starts at 1 ð 1;B ; 1;C Þ and ends at E ð E;B ; E;C Þ. The solidus of the phase starts at 1 ð 1;B ; 1;C Þ and ends at E ð E;B ; E;C Þ. The start of the eutectic reaction (expressed with the tie triangle E 1 1 1 ) may be a pure binary eutectic system or a part of a peritectoeutectic isotherm. The end triangle of the eutectic valley (expressed with E E E ) may be a part of a three-phase eutectic isotherm or a part of a peritecto-eutectic isotherm. In the latter case, after the liquid reaches the ''end point,'' a new phase may crystallize and instead of the and phases, and phases might appear. In this paper, to simplify our consideration, it can be assumed that the monovariant line ends at a three-phase eutectic point. We will assume that the tie triangle,
In the above equations, a linear progress of the tie triangle is assumed in addition to the linear morphology of the phase diagram. The parameter s may be interpreted as a normalized content along the monovariant line in a ternary alloy system.
Assumptions about Volume Element, Initial Conditions and Structures
To consider the micro-segregation problem, a volume element must be introduced. In the solidification along a monovariant line, a volume element perpendicular to the growth direction of a cellular or dendritic eutectic ought to be considered (see Fig. 3 ). The hatched rectangle is the volume element. This means that the liquid is entrapped within the arms of the cells or the dendrites of the eutectic. The liquid in the volume element is assumed to be completely mixed. If the spacings of the and phase ( e ) are much smaller than the width of volume element, that is, e ( 1 , each solid phase ( or ) can be treated as a continuous element within the considered element such as in Fig. 4(b) , in which diffusion works nearly one-directionally. In the transverse direction of the volume element, there are various sizes of mixture of phase and phase, although the mean size is fixed by the growing condition. If e ( 1 , then and phases can be treated as combined volumes and the liquid can be assumed to be completely mixed. This condition might be valid for a In this micro segregation model, we will treat the fractions of the phase (f ) and the phase (f ) as variants dependent on the liquid composition (C L or s). As shown in Fig. 4(b) , it could be predicted that the solid phase where the diffusion in the solid works more intensely will grow more than the other phase. Therefore it is reasonable to illustrate the relation of s to f and f .
As was said previously, the solidification with cellular or dendritic eutectec solidification can be started from the initial composition near the monovariant line. But single-phase dendritic solidification might be followed by solidification along the eutectic monovariant line due to the microsegregation of the dendritic growth. In the latter case, the initial condition of the segregation problem along the monovariant line is
where s 0 6 ¼ 0 and f 0 6 ¼ 0. In this situation, the meaning of the assumption of no diffusion in the solid or complete diffusion in the solid is clear, and the formulation of the Scheil-type model or the case of complete diffusion of the B atom and no diffusion of the C atom in the phase and no diffusion of any atom in the phase can be extended to this situation. But for the finite diffusion case, extension of the formulation to this situation is quite difficult, because across the single-phase dendrite to two-phase dendritic-eutectic mixture, the sizes of phases change suddenly. Across the boundary layer, we must consider the diffusion with finite diffusivity. Therefore, the extension of the formulation of finite diffusion case might be approximate and needs other formulations.
To take into account the affect of the diffusivity in the solid, the morphology of the cellular or dendritic eutectic must be considered. In this work, we will assume that both and phases are continuous, and the sizes do not change suddenly (see Fig. 4 
Formulation of Segregation along the Monovariant Line
In the formulations of micro-segregation along the monovariant line of a ternary eutectic alloy, we will consider the problem in two steps for each case. First, we will consider the problem as a general condition, not restricted by the simplified phase diagram assumption. In this treatment, we will find the general formulations between the amounts of both phases, f and f , and the tie triangle C L C C ; that is, the compositions of the liquid and both solids. Next, we will introduce the simplified phase diagram assumption. In these formulations, the derivatives df =ds and df =ds are expressed as functions of s, f and f , respectively.
We will consider four cases: 1) the equilibrium solidification-although this case is trivial, we must come back to this case when we discuss the relation of the solidification progress to the diffusion in the solid; 2) the Scheil-type case; 3) the complete diffusion of the B atom and no diffusion of the C atom in the phase and no diffusion of any atom in the phase; and, 4) finite diffusion of the B atom and no diffusion of the C atom in phase and no diffusion of any atom in phase. As shown later, it is obvious that the second and third cases are special instances of the fourth case.
A more general case can be considered for the diffusion in the solid in both phases. The case with finite diffusion of the B and the C atom in the and the phase can be formulated. But to consider the solute diffusion in a solid phase on the solidification phenomena is practical only for Fe-C-X system. In a Fe-C-X system, since the phase is ferrite or austenite, where the diffusion coefficent of carbon is about $10 À9 m 2 s À1 (in the case of austenite), the diffusion coefficient of a metallic solute (C = X) is about $10 À13 m 2 s À1 and more than 3 orders different from each other, we can neglect the diffusion of C element compared to the B (carbon) solute. The phase is almost an intermetallic compound for a Fe-C-X system, where the diffusion coefficient of carbon solute may be estimated as 10 À15 m 2 s À1 , and the diffusion coefficient of a metallic solute may be no greater than that of carbon. Thus we can neglect the diffusion of B and C solutes in phase compared to the diffusion of B solute in phase. For most non-iron-based alloys or for stainless steel, the Scheil-type approximation can be used.
Case 1: Equilibrium solidification
From the mass balance conditions, we can easily obtain
and
where the superscripts of C, that is, L, and denote the kinds of the phase, and the subscripts of C, that is, B and C denote the solute element. f or f means the volume fraction of the -phase or -phase. These equations can be expressed with s, f and f in the case of the simplified phase diagram.
Case 2: Scheil-type solidification
As has been shown by Chen et al., 2) the Scheil-type solidification can be formulated easily. In this type of solidification, since the diffusions in the solid phase do not work, we can consider only the solid-liquid interface. From the conservation condition of the solutes B and C, the following equations are obtained:
Here the symbol Ã means that the the contents in the solid are at the solid-liquid interface.
With the use of the simplified phase diagram, we can obtain
where
are constants calculated from the phase diagram.
The above differential equations can be expressed for df =ds and df =ds respectively as
In addition, these pairs of differential equations can be solved
Case 3:
Complete diffusion of B atom and no diffusion of C atom in phase and no diffusion of any atom in phase In this case, from the conservation condition of the B element over the volume element, the following equation can be formulated as
Omitting the second order term of the differences of the content or the volume fraction, we obtain
with the equation for the C element as 
and the same equation for the C element as eq. (10). Thus the following equations are obtained df ds
The term f ð E;B À 1;B Þ is added to both numerators. 
Here 0 1 is a non-dimensional parameter expressing the intensity of the diffusion in the solid which can be interpreted by analogy as D S t f =L 02 where D S is the diffusion coefficient of B solute in the phase, t f is the local solidification time of a cellular or dendritic eutectic, and L 0 is the half of the spacing of the cellular or dendritic eutectic needles (¼ ð1=2Þ 1 ). For the C element we have
These equations reduce to the Scheil-type equation (eqs. (7) and (8)) (case 2) if ¼ 0, and reduce to the case of the complete diffusion of B in the phase, no diffusion of C in the phase and no diffusion of B and C in the phase (case 3) if ¼ 1. Therefore, the physical validity of these equations at the limit has been proven.
With the simplified phase diagram, we have
Results of the Calculation
Let's examine the affect of the diffusivity of the B element () on the volume fractions of the solids with use of the simplified phase diagram. In these calculations, from s ¼ 0 to s ¼ 1, 100, 1000, 10000 and 100000 total nodes were made, and with over 1,000 nodes the results changed little. Therefore the results shown below are with 10,000 nodes. . This is because ( E;B À 1;B ) is negative in this case. Roughly speaking, the difference between case 2 and 3 is small. Second, the phase diagram shown in Fig. 7 is considered. In this phase diagram, E ¼ ð0:25; 0:12Þ, and 1 , 1 , E 1 , E and E are same as in the previous assumption, where ( E;B À 1;B ) is positive. The calculated results are shown in Fig. 8 . In this case, the volume fraction of with ¼ 1 (case 3) is a little larger than that with ¼ 0 (case 2).
In the third phase diagram, we will consider the case shown in Fig. 9 . In this diagram, starting point. As a example, the result of the calculation starting at s ¼ 0:1 with f ¼ 0:3 and f ¼ 0 is shown in Fig. 11 . This is the case where the -dendrite solidifies first and the liquid reaches the monovariant line when the volume fraction becomes 0.3. Compared with Fig. 10 , the solidification ends faster with ¼ 1. Last, the ratios between the volume fraction of and phases are shown. affects the ratio as predicted in Fig. 10 . As increases, the degree of the symmetry of the diffusion in the both solids decreases, and the the growth of the -phase will exceed the growth of the -phase as shown in Fig. 12 . Fig. 12 The affect of the intensities of the diffusions in the solid () on the ratio of the volume fractions of -phase to -phase for Fig. 9 .
T. Himemiya

Discussion
From Figs. 6, 8 and 10, it can be pointed out that the affects of the unsymmetrical properties of the diffusivities in the solids () on the micro-segregation behavior along the monovariant line is influenced not only by the value itself but also by the solutal transition in the phase diagram. In a single-phase solidification of a multi-component alloy, the solidification path of a dendritic growth is affected by the phase diagram (solute distribution coefficients) and the diffusivities in the solid. 9) Along the monovariant line, although the path is fixed, the ratio between both phases and the composition of the final stage are affected by the phase diagram and by the diffusivities in the solids.
Solidification along the monovariant line with 0 < < 1 after single-phase dendritic solidification can also be considered. In Fig. 11 , we have shown only the case with ¼ 0 and ¼ 1. With the case of 0 < < 1, the results would exist between ¼ 0 and ¼ 1, but a sudden change of structure occurs from the single-phase dendrite to a two-phase mixture, and the approximation of the one-directional diffusion is difficult to hold.
Next, we will discuss the micro-segregation problem related to the growth theory of the cellular or dendritic eutectic. First, the restriction of the volume element must be pointed out. The assumption that the liquid contents along the width of the volume element are uniform requires e ( 1 . This means the present model is for a dendritic-eutectic but not for a cellular-eutectic. To construct a micro-segregation model for a cellular-eutectic is more difficult. This is because for a two-phase dendritic-eutectic, e ( 1 , but for a twophase cellular-eutectic, e is at best one order less than 1 as shown by Himemiya. 4) Furthermore, the liquid in the valley of the cellular-eutectic needles are not entrapped in a volume element (within the secondary arms). Solutes of the liquid within cellular-eutectic needles ''diffuse'' along the valley. A method analogous to Sharp and Flemings 1) might be useful for the case of a cellular-eutectic. Second, the effect of microsegregation on the ratio of f =f has been demonstrated. In the previous work of the growth model for a cellular or dendritic eutectic, 4, 5) it was assumed that the ratio is constant. Although the growth model only treats the top of the needle of the cellular or dendritic eutectic, the possibility to join the micro-segregation problem with the growth model is suggested.
Summary
A micro-segregation model along the monovariant line in a ternary alloy has been introduced. This model assumes a partial diffusion in the solid; the diffusion of the first solute element in the first solid phase works completely or finitely but no other diffusions work in both the solids. After describing the general formulations, a simplified phase diagram has been introduced and comparison between 1) the Scheil-type solidification, 2) complete diffusion of the first solute in the first phase and 3) finite diffusion of the first solute in the first phase has been made. The affect of the shape of the phase diagram and diffusivities in the solid have been demonstrated.
When the difference of the contents of the first element between the start of the monovariant line and the end of the line is small, the affect of the diffusivity in the solid is small. But, when the difference is large, the affect becomes clear. In the latter case, the solidification ends before the residual liquid reaches the three-phase eutectic point with the intensity of the diffusion ¼ 0:15. The calculation of the solidification along the monovariant line after a single-phase dendritic solidification can also be made. A comparison of the relative ratio of both solid phases with 1) equilibrium, 2) Scheil-type, 3) finite diffusion of the first solute in the first solid and 4) complete diffusion of the first solute in the first solid has been made, and it is found that when the the degree of asymmetrical properties of the diffusivities in the solids increases more, the relative ratio deviates more from unity. 
Appendix: Nomenclatures
